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ABSTRACT 
Let G be a finite group acting on a finite set S. Burnside's formula expresses the 
number of orbits of S under G in terms of the numbers l(g), where l(g) is the number 
of fixed points of S under the group dement g. This paper characterizes the circum- 
stances under which two group dements, gl and g~, satisfy 1(gO = I(g~) for all actions 
of G. Several related questions are also discussed. 
1. INTRODUCTION 
Let G be a finite group operating on a finite set S. By a well-known 
formula of Burnside Ill, widely exploited since the appearance of Pdlya's 
paper [2], the number C of orbits (equivalence classes of elements of S 
under the operations of G) is given by 
1 
C- - Ia l  ~ I(g), 
where I(g) is the number of fixed points of S under the group element g. 
The purpose of this article is to characterize the circumstances under 
which two group elements, g~ and g2, satisfy l(g~)= I(g2) for all 
permutation representations of G, and to discuss everal related questions. 
2. STRONG ENUMERATIVE EQUIVALENCE 
Let gl and g2 be elements of an arbitrary group G. We say that gl and g2 
are strongly enumeratively quivalent if g~ and g2 have the same set of 
* This paper presents the results of one phase of research carried out at the Jet 
Propulsion Laboratory, California Institute of Technology, under contract NAS 7-100, 
sponsored by the National Aeronautics and Space Administration. 
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fixed points for every permutation representation of G. We say that gx 
and gz are relatives if each is a power of the other, i.e., if they generate 
the same cyclic subgroup. 
THEOREM 1. Two group elements ga and g2 are strongly enumeratively 
equivalent if  and only if they are relatives. 
PROOF: Suppose gl and g2 are relatives, and let s ~ S be a fixed point 
of gl .  Then s ~ g11(gl(s)) ~ g~(s),  so s is a fixed point of g]-~. By 
iteration, s is a fixed point of all powers of g~, and hence of gz 9 Con- 
versely, any fixed point of g2 is a fixed point of gx, so gt and g2 are 
strongly enumeratively equivalent. 
Now suppose gl and ge are not relatives, say that g2 does not belong 
to the cyclic subgroup H generated by g~. Let S be the set of left cosets 
of H in G, and let G operate on S by left multiplication. Then g iH = H, 
so H is a fixed point of g~, but gzH ~ H so H is not a fixed point of g2 9 
Thus gt and g2 are not strongly enumeratively equivalent. 
3. ENUMERATIVE EQUIVALENCE 
We say that two group elements g~ and gz are enumeratively equivalent 
if I(g~) ~- I(gz) for all permutation representations of G. 
THEOREM 2. Two group elements gl and g2 are enumeratively equivalent 
if  and only ~ each is a conjugate of a power of the other. 
PROOF: Suppose that g2 is a conjugate of a power of g l ,  say 
g2 = h-lgl "h, and suppose that s is a fixed point of gl 9 Then h-l(s) is a 
fixed point of g2, since 
g2(h-~(s)) = h-agl~h(h-l(s)) = h-lg~(s) = h-l(s). 
Thus s --~ h-~(s) is a 1-1 map from the set of fixed points of gl into those 
of g2, so I (g  0 <~ I(g2). Similarly, ifg~ is also a conjugate of a power of g2, 
we have I(gz) <~ I(gO, so I(gl) = I(gz) and gl and g2 are enumeratively 
equivalent. 
Now suppose that g2 is not a conjugate of a power of g~, and let H be 
the cyclic subgroup generated by gl .  Let G operate by left multiplication 
on S = the set of left cosets of H in G. Then gtH ~ H, so H is a fixed 
point of g l ,  so l(g~) ~ 1. On the other hand I(g2) = O, because if g2 
had a fixed point in S, say all, we would have 
g~(aH) = all ,  
a-lg2aH = H, 
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implying that a-lg2a is in H and hence gz is a conjugate of a power of 
g~, a contradiction. Hence I(g~) ~ 1(g2), so gl and g~ are not enumer- 
atively equivalent. 
COROLLARY. Two elements g~ and g2 of a finite group G are enumer- 
atively equivalent if and only if gl is a conjugate of a relative of g2. 
PROOF: If gl is a conjugate of a relative of g2, then it is immediate 
that each of g~ and gz is a conjugate of a power of the other, and hence 
the theorem applies. 
Conversely, suppose that gl and g2 are enumeratively equivalent, and 
hence (by the theorem) each is a conjugate of a power of the other. Then 
o(gl) ~ o(g~) and o(g2) ~ o(gl), so gl and g2 have the same order. We 
know gl----h-lg2 "h for some h, so gl and g2 ~ have the same order. 
Therefore g2 and g~ have the same order and hence generate the same 
cyclic subgroup, i.e., g2 n is a relative of g2. Thus gl = h-lg2 '~h is a 
conjugate of a relative of g2, and the proof is finished. 
REMARKS: (1) The following example shows that the finiteness 
hypothesis in the corollary is necessary. Let G be the split extension of 
Q • Q (where Q is the rationals under §  by an infinite cyclic group 
generated by x, with x-~(a, b) x = (2b, 2a). Then (1, 0) is conjugate to 
the "power" (0, 2) of (0, 1), and (0, 1) is conjugate to the power (2, 0) 
of (1, 0), but (1, 0) is not a conjugate of a relative of (0, 1). 
(2) If G and S are both finite, then I can be interpreted as the character 
of the associated linear representation. The following stronger esult is 
just as easy to prove as our theorem: If g~ is a conjugate of a relative 
of g2, then for any character X of a linear representation f G over the 
complex numbers we have that x(gl) and x(g2) are conjugate (as algebraic 
numbers) over the rationals. 
4. CONSIDERATIONS OF IMPLICATION 
In light of the previous results it is interesting to ask the following 
two questions: 
(A) For which groups G does "gl is a conjugate of g2" imply "gl is a 
relative of g2" ? 
(B) For which groups G does "gl is a relative of g2" imply "gl is a 
conjugate of g2" ? 
Question A is easy to answer. 
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THEOREM 3. The following are equivalent: 
(1) gl is a conjugate of g~ implies gl is a relative of  gzfor all gl , g2 in G. 
(2) All subgroups of G are normal. 
PROOF: Assume (1). Then if H is a subgroup of G, h is in H, and g is 
in G, we have g-lhg is a relative of h and hence is also in H. Thus H is 
normal. Conversely, suppose (2) is true. I f  gl is a conjugate of g2 then, 
since the cyclic subgroup generated by g2 is normal,  gl must be a power 
of g2 9 Similarly g2 is a power of  g t ,  and the proof  is complete. 
Groups in which every subgroup is normal are called Hamiltonian 
groups and have been completely classified [4]. The result is this: a group 
is Hamiltonian if and only if it is either Abelian, or the direct product 
of the quaternion group of order 8 by an Abelian group of exponent 
two by an Abelian group in which every element has finite odd order. 
This completely answers question A. 
Question B is much more difficult, and we are far f rom being able to 
answer it completely. We only prove several necessary and several 
sufficient conditions for a group G to belong to the class M of all groups 
in which "gl is a relative of g~" implies "gt is a conjugate of gz ." 
THEOREM 4. Suppose G ~ M. Then 
(1) l f  l G I is finite and >~1, then I G I is even, 
(2) GIG' has exponent 2, 
(3) Z(G) has exponent 2. 
PROOF: (1) Pick x in G with x 3~= x-L  (If no such x exists the result 
is trivial.) Then x -~ is a relative of x, so y- txy  = x -~ for some y. But 
then "conjugation by y"  is an automorphism of even order, so y must 
have even order. Therefore I G I is even. 
(2) Pick any x in G. Then x and x -~ are relatives, so y- lx - ly  = x 
for some y. But then [y, x] = y-~x-~yx -~ x 2. This shows that the square 
of every element is in G', i.e., G/G' has exponent 2. 
(3) I f  x e Z(G) then all conjugates of x are equal to x itself, so all 
relatives of x must be equal to x itself. Therefore x = x -~, so x 2 = 1. 
Thus Z(G) has exponent 2. 
THEOREM 5. Any one of the following conditions is sufficient o imply 
GeM:  
(1) G ~ S, for some n, 
(2) G ~_ quaternion group of order 8, 
(3) G ~ A • B, where A, B e M, 
(4) G ~--- the wreath product of A and $2, where A e M. 
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PROOF: (1) I f  X and y in S,,~ are relatives, then they must have the 
same cycle structure. It is well known that any two elements of  S~ with 
the same cycle structure are conjugate. 
(2) Inspection. 
(3) Trivial. 
(4) The wreath product of  A and $2 is the split extension of  A • A 
by a cyclic group of order 2, generated say by x, such that conjugation 
by x interchanges the factors. Suppose two elements gl and g2 are 
relatives. Then either gl and g2 are in A • A, in which case we are done 
by (3), or neither gl nor g2 is in A • A. In the latter case we have 
gl  - (u~ , v~) . x and g2 = (u2 , v2) " x .  Since gl and g~ are relatives we 
have g k = g2 and g2 ~ = gl for odd integers k and I. Expanding and 
simplifying we have: 
((u~vO(~-~)/~u~ , (v~ul ) (~-~/~vi )  x = (u~ , v~)x 
and 
((u~v~)(~-~)/~u~ , (v~u,,)(~-~)/%) x = (u i ,  vl)x. 
Thus (UlV~)k = u2v2 and (u2v2)~ = UlVl.  This means ulv l  and u2v2 are 
relatives, so there is an element y in A with y- l (u~vl )  y = u2v~ 9 It is now 
easy to check that, if we let z = u[ lyu2 ,  we have (y ,  z)  ~ g l (Y ,  z)  = g2 9 
This finishes the proof. 
Using (3) and (4) of  the above theorem we conclude that the Sylow 2 
subgroup of any S,~ must lie in ~,  since such Sylow subgroups can be 
constructed from smaller ones by direct and wreath products [4]. On 
the other hand, it is easy to show that none of the alternating roups 
belongs to N. The problem of classifying all finite groups in ~ (or even 
all groups in ~ whose order is a power of  2) seems to be a very difficult one. 
Professor B. Fein has pointed out that the finite groups in ~ are 
precisely the finite groups, all of  whose characters are rational valued. 
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